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In 1873 "A Treatise on Electricity and Magnetism" 
by Maxwell |T] was published, in which the discovery of 
the system of electrodynamics equations was reported. 
The equations are in fact the symmetry expressions for 
experimental laws, established by Faraday, and, conse- 
quently, they are mathematical mapping of experimen- 
tally founded symmetry of EM-field. It means in its turn 
that if some new experimental data will indicate, that 
symmetry of EM-field is higher, then Maxwell equations 
have to be generalized. That is the reason why the sym- 
metry study of Maxwell equations is the subject of many 
research in field theory up to now. Heaviside [2 in twenty 
years after Maxwell discovery was the first, who payed 
attention to the symmetry between electrical and magn- 
netic quantities in Maxwell equations. Mathematical for- 
mulation of given symmetry, consisting in invariance of 
Maxwell equations for free EM-field under the duality 
transformations 



E 



±H,H -> TE, 



(1) 



gave Larmor [3]. Duality transformations ([TJ are pri- 
vate case of the more general dual transformations, es- 
tablished by Rainich 4 . Dual transformations produce 
oneparametric abelian group U± of chiral transformations 
and they are 



E ->■ EcosO + HsinO 
H -> HcosO - Esind. 



(2) 



Given symmetry indicates, that both constituents E and 
H of EM-field are possessing equal rights, in particular 
they both have to consist of component with different 
parity. Subsequent extension of dual symmetry for the 
EM-field with sources leads to requirement of two type of 
charges. Examples of the dual symmetry display are for 
instance the equality of magnetic and electric energy val- 
ues in LC-tank or in free electromagnetic wave. Recently 
concrete experimental results have been obtained con- 
cerning dual symmetry of EM-field in the matter. Two 
new physical phenomena - ferroelectric [8 and antifer- 
roelectric [7] spin wave resonances have been observed. 
They were predicted on the base of the model [B] for 
the chain of electrical "spin" moments, that is intrinsic 
electrical moments of (quasi)particles. Especially inter- 
esting, that in [7J was experimentally proved, that really 



purely imaginary electrical "spin" moment, in full cor- 
respondence with Dirac prediction |5], is responsible for 
the phenomenon observed. Earlier on the same samples 
has been registered ferromagnetic spin wave resonance, 

The values of splitting parameters 2l B and 2l ff in fer- 
roelectric and ferromagnetic spin wave resonance spectra 
allowed to find the ratio Je/Jh of exchange constants in 
the range of (1.2— 1.6)10 4 . Given result seems to be direct 
proof, that the charge, that is function, which is invariant 
under gauge transformations is two component function. 
The ratio of imagine en = g to real eE = e components 
of complex charge is | ~ y/ Je/Jh ~ (1-1 — 1.3) 10 2 . 
At the same time in classical and in quantum theory 
dual symmetry of Maxwell eqations does not take into 
consideration. Moreover the known solutions of Maxwell 
eqations do not reveal given symmetry even for free EM- 
field, see for instance [10] . although it is understandable, 
that the general solutions have to posseess by the same 
symmetry. 

The aim of given work is to find the cause of symmetry 
difference of Maxwell eqations and their solutions and to 
propose correct field functions for classical and quantized 
EM-field. Suppose EM-field in volume rectangular cav- 
ity. Suppose also, that the field polarization is linear in 
z-direction. Then the vector of electrical component can 
be represented in the form 



E x (z,t) = ^ A a q a (t) sin(fc a z), 



(3) 



a=l 



where q a (t) is amplitude of a-th normal mode of the 
cavity, a € N, k a = air/L, A a = y/2v^m a /(yeo), 
v a = anc/L, L is cavity length along z-axis, V is cavity 
volume, m a is parameter, which is introduced to obtain 
the analogy with mechanical harmonic oscillator. Using 
the equation 



e d t E{z,t)= VxH(z,t) 



(4) 



we obtain in suggestion of transversal EM-field the ex- 
pression for magnetic field 



a=l 



A a dq a 



cos(k a z) + Hyo(t), (5) 



2 



where H y0 = £)~ =1 fa(t), {fa(t}}, a e N, is the set of 
arbitrary functions of the time. The partial solution is 
usually used, in which the function H y0 (t) is identically 
zero. The field Hamiltonian Tt^(t), corresponding given 
partial solution, is 



E(r,t) = \ Y j A a d ^sm{k a z)\e x , (15) 



where q' a (t) = Jq a (t)dt + C' a Then Hamiltonian H [2] (t) 



is 



n [1] (t) =\JjJ [^El{z,t) + ^H 2 y {z,t)} dxdydz H[2]{t) = 1 g 

1 oo 

= £ 



• (16) 



m a v a q a {t) 



Let us introduce new variables 



where 



Pa = m a - 



d q a (t) 
dt 



Then, using the equation 

V x E = 



dB 



-Mo 



OH 
dt 



(7) 



(8) 



it is easily to find the field functions {q a (t)}. They will 
satisfy to differential equation 



(9) 



Consequently, taking into account ^o £ o = 1/c 2 , we have 
q a (t) = de^ + C 2 e~^ t (10) 

Thus, real free Maxwell field equations result in well 
known in the theory of differential equations situation 
- the solutions are complex-valued functions. It means, 
that generally the field function for free Maxwell field 
produce complex space. 

From general expression for the field H(f, t) 



H(r,t) = 



e y (11) 



it is easily to obtain differential equation for f a (t) 
df a (t) +Aa ^d^l cos{kaZ) 



dt 



' k a dt 2 



(12) 



A a k a q a (t)cos(k a z) = 0. 

Mo 



Its solution in general case is 
f a (t) = J A a cos(k a z) 



k a d 2 q a (t) e 

q a (t) 1^—1- 

fio dt z k a 



dt + C a 
(13) 



Then we have another solution of Maxwell equations 

H(r, t) = — J V k a A a cos{k a z)q' a {t) 1 e y , (14) 
^ « J 



q" a (t) = v a q' a (t) 

n ,.s dq' a (t) 
p a (t)= m a v a 



(17) 



Then 



1 OO 

mt) = W 



a=l L 



P"l(t) 



(18) 



We use further the standard procedure of field quantiza- 
tion. So for the first partial solution we have 



\pa(t),qp(t)] = ihd al 3 
[q a {t),q (j {t)\ = \p a (t),p P (t)] =0, 



(19) 



where a, (3 e N. Introducing the operators a a (t) and 
at(t) 



a a (t) = 



1 



[m a v a q a (t) + i Pa (t)} 



\hra a v a 



[m a v a q a 



(20) 



we have for the operators of canonical variables 

««(*) = y^ [&+(*)+ *«.(*)] 
P a (t) = iJ^^ [a+(t) - a a (t)] . 



(21) 



Then field function operators are 



/ his 

E{f, «) = {E\/^ IW) + a « (*)] sin{k a z)}e x , (22) 

Q — 1 



a=l 



ff(f,i) = ice {^2 \l Tp~ [a>t(t) - a a (t)] cos(k a z)}e y 



Ve 



(23) 

For the second partial solution, corresponding to Hamil- 
tonian Tt^ 2 \t) we have 



lq" a (t),q" () (t)] = \p" a (t),p" (t)]=O, 



(24) 



3 



a,P e N. The operators a" a (t), are introduced 

analogously 



Let us designate 



— E . In accordance with defini- 
tion of complex quantities we have 



a" a {t) = 



a" + a (t) = 



1 



^/ \hm a v a 
1 

y \hm a v c 



[Tn a v a q a (t) + ip" a (t)} 
[m a v a q" a (t) - ip" a it)] 



(25) 



(E(f,t),m(r,t)) S(r,i) + ^ 2 ](f,t) = £(f,t). (29) 

Consequently, correct field operators for quantized EM- 
ficld are 



Relationships for canonical variables are 

V ^lll a v a L 

p" a (t)=i ] f^f^ [a"Ut)-a" a (t) 
For the field function operators we obtain 



(26) 



= {£2*,{[a+(t) + a a (t)] 

a=l 

o" Q (t) - a"„(i) }sin(k a z)}e x , 



(30) 



and 



(HW(r,t),H(r,t)) -> M (r , t) + ifc t) = (31) 



S[ 2 l(r,t) = z{^ Jp^ a" + a (t) - a" a (t) Sl n(k a z)}e 



Ve 



a— 1 



v7 



(27) 



a" a (t) +a" a (t) cos(k a z)}e y , 



H{r,t) = {Y J E {—\a" a {t) + a" + a {t) 
+ce [a a (*) - a+(t)]}cos(k a z) + C a e}e v 



(32) 



[1] Maxwell J C, A Treatise on Electricity and Magnetism, 
Oxford, Clarendon Press, V.l, 1873, 438, V.2 1873, 464 
[2] Heaviside O, Phil.Trans.Roy.Soc.A,183 (1893) 423-430 
[3] Larmor J, Collected papers , London, 1928 
[4] Rainich G Y, Trans.Am.Math.Soc.,27 (1925) 106 
[5] Dirac P.A M, Proceedigs of the Royal Society 117A 

(1928) 610 - 624 
[6] Yearchuck D, Yerchak Y, Red'kov V, Doklady NANB 51, 

N 5 (2007) 57 - 64 
[7] Yearchuck D, Yerchak Y, Alexandrov A, Phys.Lett.A, 

373, N 4 (2009) 489 - 495 
[8] Yearchuck D, Yerchak Y, Kirilenko A, Popechits V, Dok- 
lady NANB 52, N 1 (2008) 48 - 53 
[9] Ertchak D P, Kudryavtsev Yu P, Guseva M B, Alexan- 
drov A F et al, J. Physics: Condensed Matter, 11, N3 
(1999) 855 -870 
[10] Scully M O, Zubairy M S, Quantum Optics, Cambridge 
University Press, 1997, 650 



